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A metric is proposed to explore the noncommutative form of the Anti-de Sitter space due to
quantum effects. It has been proved that the noncommutativity in AdS space induces a single
component gravitoelectric field. The holographic Ryu-Takayanagi (RT) algorithm is then applied
to compute the entanglement entropy in dual CFT2. This calculation can be exploited to compute
UV-IR cutoff dependent central charge of the certain noncommutative CFT2. This non commuta-
tive computation of the entanglement entropy can be interpreted in the form of the surface/state
correspondence. We have shown that non commutativity increases the dimension of the effective
Hilbert space of the dual CFT.
PACS numbers: 11.25.Tq, 03.65.Ud,74.62.-c
Introduction The challenge now is to move the string
theory from ”feasible” to ”practical” in order to de-
scribe strongly coupled quantum systems in high energy
and condensed matter physics. The fundamental key of
the path is a gauge-gravity pattern called Anti-de Sit-
ter space/Conformal Field Theory (AdS/CFT) [1]. Ac-
knowledging the presence of AdS boundary of gravita-
tional bulk, asymptotic values of certain fields could act
as dual quantum operators in CFT. This law will be-
come a fundamental part of that ever string/fields dual-
ity. We can actually perform computations in CFT with
the need for a suitable dictionary in AdS bulk. From a
common sense point of view, evidences suggest that we
are being modified significantly with quantum effects at
Planck length, λp = (~G/c
3)
1/2 ≈ 1.6 × 10−33cm that
modify geometry of spacetime. The Planck scale physics
offered to modify the Riemannian manifold to eliminate
the singularities after a quantum epoch. To provide effi-
cient geometry of the spacetime, noncommutative geom-
etry (NCG) have been proposed to deliver the quantum
effects. There arise a fundamental question whether it is
right in principle to modify Lorentz algebra(symmetry)
generally? [2]. A. Connes formulated his now famous
framework of C∗ algebras on spacetimes [3]. This could
include deformation quantization of Poisson manifolds
which were formulated to replace lost parts [4]. These
noncommutativity of the coordinates of spacetime have
been successfully formulated to support and maintain the
anti-symmetric tensor field arising from massless states
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of strings [5] :
[xµ, xν ] = iΘµν (1)
where Θµν denotes a constant skew-symmetric tensor.
The latter point has to be stressed since we did not ad-
dress the question of Moyal product at all:
(f ⋆ g) = f(x)exp
( i
2
Θµν
←−
∂µ
−→
∂ν
)
g(x) . (2)
While noncommutative spacetime with the commutation
relation have proven Lorentz violation over manifolds [6,
7], they are severely improved via the twisted Poincare´
algebra [7]. The most suitable abelian twist element for
this is the following:
F = exp (−i
2
Θµν∂µ ⊗ ∂ν
)
. (3)
The abelian twist elements are used in universal envelop-
ing algebra of the Poincare´ algebra describing the non-
commutative multiplication of our functions. A paper de-
scribing a fundamental and systematic study of noncom-
mutative Riemannian geometry (NCRG) has been pub-
lished [8]. The isometric embeddings of a curved commu-
tative spacetime in a flat higher dimensional spacetime
[9, 10], is a term describing professional-algorithm that
is extremely applicable. They introduce some principles
of good noncommutativity that must be applied if em-
bedding of commutative metric is adequately used. NRG
transformations may be applied to alter the shape of the
known metrics [11–13]. We ’ve extended the AdS/CFT
even further and come up with the NCAdS/CFT [14],
gravity dual to NC gauge theories [15] and even for Holog-
raphy of NC geometries (NCG)[16].
One of most important quantum measurement is en-
tanglement entropy (EE) of the dual quantum system
2with CFT via AdS/CFT principle. As an example, con-
sider the density matrix ρ ≡ |Ψ >< Ψ| for the dual
CFT system in a pure quantum state |Ψ >. The EE of
systems never exist independent of the von Neumann en-
tropy SX = −TrX(ρX log ρX). When SA is computed,
a complement observer B might be inclined to say that
remnant will be calculated for the end value of the von
Neumann entropy. This is the sense in which the von
Neumann entropy define ”EE” [17]. We were astonished
to discover that EE has become a geometrical, boundary
entropy via AdS/CFT [18, 19], called holographic entan-
glement entropy (HEE) (see for a review [20]). In this
scheme, you’ll discover the surface area entropy, one of
magic’s most enduring classics in gravitational physics
[21]. This has been used recently to produce a quanti-
tative model for critical phenomena with some success
[22]-[31].
Quantum entanglement can be used as an alternative
candidate for dark energy, an exotic fluid with negative
equation of state (EoS), which is believed to be respon-
sible for current acceleration of the Universe [32]-[36].
Particularly, it is possible to describe the phase transi-
tion from early epoch to the late time as two entangled
cosmological eras. In this approach, the aim is to describe
acceleration of the Universe, by measuring the entangle-
ment degrees of freedom [35]. Furthermore, there is a
consistent way to address the cosmic acceleration using
the entanglement measures by using an EoS which is cal-
culated from the existed quantum entanglement between
different cosmological epochs [34]. This is a novel ap-
proach to address dark energy as biproduct state of the
quantum entangled subsystems (here early and late time
epoches).
A major goal of this letter is to understand how HEE
deformed on NCAdS3 background. Non-commutative
computation of the HEE has been investigated by several
authors. For example in Ref. [37], the authors investi-
gated HEE in a large-N strongly coupled noncommuta-
tive gauge theory at zero and finite temperature regimes.
Using the RT duality, they assumed that this NC gauge
theory in boundary has a ”fully commutative” AdS bulk
geometry. So, in one side they have NC gauge theory as
an entangled quantum system and in other side they have
a commutative AdS bulk geometry. The extremal surface
is also assumed to be commutative. Non-commutativity
exists only at the level of quantum boundary system.
They found a monotonic-increasing form of HEE with
respect to the length, in the system. Furthermore, in
Ref. [38], a holographic computation of HEE was done
in strongly coupled non- local dual field theories as a
noncommutative deformation of SYM theory. They sup-
posed that the gravitational dual is a pure-AdS, because
all the cases which they studied were about UV deforma-
tions of the N = 4 SYM. Also in this work the authors
attacked to the non-commutativity from the boundary
quantum field theory point of view. Their geometry still
remains commutative.
But our problem in this letter is different from the
above references. When there is a fully satisfactory ver-
sion of NC bulk geometry, we have two major options to
treat HEE from the AdS/CFT approach. One is to as-
sume that this NC geometry has a ”commutative” dual
CFT. Other choice is to suppose that the dual CFT on
boundary is commutative. What we proceed in this let-
ter was to suppose that NC-AdS geometry in bulk has
a NC dual CFT on boundary. What we computed is
the central charge (Casimir energy) of the NC − CFT2
using NCAdS3 bulk geometry via RT algorithm. How-
ever we don’t know the structure and the correct form of
such hypothesis NCCFT2, but we are lucky. Our main
motivation is to compute the NC-central charge of this
quantum theory using the associated HEE for NCAdS3.
These holographic computations have been interpreted
as an appeal to the leakage of the NC-AdS/CFT, but
This assumption is entirely out of keeping with all we
know about NC gauge theories [38], over whom NC says
it practically ruled as a NC-SYM gauge theory. This let-
ter gives examples of NC geometries interpreted by the
NC-CFT.
We proposed to explore the noncommutative form of
the AdS space via [8]. The holographic AdS3/CFT2 al-
gorithm [18, 19] is then used to compute the HEE in dual
CFT2 in commutative boundaries.
Foundations of NCRG Due to standard RG conven-
tion each element of the (N1,n−1, g) = n-dimensional
Lorentzian manifold is labeled in the most com-
prehensible manner for the metric g with signature
(−1, 1, · · · , 1)[8]. NCRG is achieved by enriching and
extending the Nash’s isometric embedding of pseudo-
Riemannian manifolds. Extending this just a little fur-
ther allows definitions with a set of smooth function
X1, · · · , Xp, Xp+1, · · · , Xp+q on N1,n−1, such that
g = −Σpa=1
(
dXa
)2
+Σp+qb=p+1
(
dXb
)2
. (4)
It helped define the coordinate chart U of N1,n−1 and
natural coordinates ={x0, x1, · · · , xn} for it. How would
we define NC behavior in metric?. Objectives need to
define a specific parameter h¯ which is a definite and real
indeterminate parameter. In this letter, we define ring of
formal power series in h¯ in the more conventional man-
ner, using the shorter list R[[h¯]]. We can always define
h¯ in our formalism as the ratio of the standard model
mass scale and the Planck mass of course. Suppose a
set A of formal power series in h¯ with coefficients always
∈ R. We are looking to expand any arbitrary element
of A with a summation form of
∑
i≥0 fih¯
i where fi are
smooth functions on U . It is clear to us from a reading
of these steps that A means R[[h¯]]-module. One can thus
postulate that Moyal product u ⋆ v is a map on U far as
it maintains a highly centralized role of NCRG:
(u ⋆ v)(x) = lim
x′→x
exp

h¯∑
ij
θij∂i∂
′
j

u(x)v(x′). (5)
We notate ∂i =
∂
∂xi , and (θij) is a constant skew symmet-
ric n×n matrix. Moyal product has managed to preserve
3the associativity and Leibnitz rule of its formal form:
∂i(u ∗ v) = ∂iu ∗ v + u ∗ ∂iv, m = p+ q ∈ Z+
It is wise to obtain a copy of dot-product for an element
A = (a1, . . . , am) : A
m ⊗R[[h¯]] Am −→ Am (6)
on U is defined by:
A •B = −
p∑
i=1
ai ⋆ bi +
p+q∑
j=p+1
ai ⋆ bi
We can always define the NC metric in terms of functions
X ∈ Am, Ei = ∂iX :
gˆij = Ei • Ej . (7)
We denote these metrics as ” NC” non-singular gˆ = (gˆij)
the n × n matrix with entries gˆij ∈ A. Let (gˆij) denote
the standard inverse :
gˆij ⋆ gˆ
jk = gˆkj ⋆ gˆji = δ
k
i .
Results will define the connection of the metric in re-
sponse to spacetime deformation:
∇iEj = Γkij ⋆ Ek,
here Γkij = Γijl ⋆ g
lk and
Γijk = ∂iEj • Ek. (8)
and the associated noncommutative Riemann and Ricci
scalars are defined as:
Rlkij = ∂iΓ
l
jk − ∂jΓlik + Γpjk ⋆ Γlip − Γpik ⋆ Γljp, (9)
Rij = g
ik ⋆ Rpkpj , Θ
l
p = g
ik ⋆ Rlkpi, R = R
i
i. (10)
In our case the appropriate addressee of Einstein equa-
tions with cosmological constant from the auditor to
those modifications with NCRG is the following:
Rij +Θ
i
j − δijR+ 2δijΛ = 2T ij , (11)
where T ij denotes the generalized energy-momentum ten-
sor, Λ is the cosmological constant. Exact results have
been reported in a few papers [11–13]. The goal of next
section is to realize NCAdS3 via the mentioned formal-
ism.
Embedding technique : To find out more about the
form on NCAdS follow the embedding scheme for AdS3
spacetime. This showed that AdS3 were already embed-
ded into the 4D flat spacetime R2,2:
g = −(dX21 + dX22)+ (dX23 + dX24). (12)
We will be comparing (12) with (4). We observe that
p = q = 2. This embedding is invariant under SO(2, 1),
which is the precise isometry group of AdS, with confor-
mal boundary. An appropriate rescaling casts the bound-
ary in hyperboloid form in (2)D form, which is universal
for systems supporting SO(1, 2) isometry group, with one
dilatation and two special conformal transformations.
Now, we find the embedding coordinates
(
t, ρ, θ
)
for all
of the hyperboloids:
X1 = l cosh ρ sin t, (13)
X2 = l cosh ρ cos t, (14)
X3 = l sinh ρ sin θ, (15)
X4 = l sinh ρ cos θ (16)
We need to specify an AdS radius, for this we have to de-
fine it by l2 = − 3Λ . These coordinates represent a special
universal covering of the commutative AdS3 spacetime:
g = l2
(− cosh2 ρdt2 + dρ2 + sinh2 ρdθ2). (17)
The domain ρ = 0, represent the the AdS boundary of the
AdS metric. The aim of the next section is to compute
the noncommutative version of (17) from (7).
Explicit form of NCAdS3: Evaluation techniques of (7)
include star product and skew symmetric matrix θij . The
starting point for the computation of (7) is the functions
multiplying (18), which we can write in the following
simple form:
A(y) ⋆ B(y′) = lim
y→y′
eh¯
(
∂ρ∂θ′−∂θ∂ρ′
)
A(y)B(y′),(18)
y ≡ (t, ρ, θ),
where
(
θij
)
3×3
=


0 0 0
0 0 1
0 −1 0

 .
The computation of the (7) is performed continuously for
all orders of h¯, using the Zassenhaus formula[39]:
eh¯
(
∂ρ∂θ′−∂θ∂ρ′
)
= eh¯
(
∂ρ∂θ′
)
e−h¯
(
∂θ∂ρ′
)
(19)
This allows routine computation of the components of
NCAdS. Here is the complete form of the nonvanish-
ing components of the noncommutative version of AdS3
spacetime:
gˆtt = −l2 cosh2 ρ (20)
gˆρρ = l
2 + 2l2 sin2(
h¯
2
)
(
1− cos h¯ cosh(2ρ)
)
(21)
gˆρθ = l
2 sin2(
h¯
2
)
(
e2ρ sin h¯− sin(2θ − h¯) (22)
+e−2ρ sin(2θ)
)
gˆθθ = l
2 sinh2 ρ+
l2√
2
sin2(
h¯
2
)
[
e2ρ cos h¯− 1√
2
(23)
−e−2ρ cos(h¯+ π
4
) + 2 sinh(ρ) cos(2θ − π
4
)
+2 cos(2θ − π
4
) cos h¯
]
4The metric components are reduced to a standard AdS3
in limit with h¯ = 0. Deformation of (17) using
(20,21,23,24) is given by the following metric:
gˆ = g +
(
δgρρdρ
2 + 2δgρθdρdθ + δgθθdθ
2
)
. (24)
where δgij ≡ |gˆij − gij | ≪ gij . There is a dimensional
reduction in noncommutative part of metric. It was the
first observation in the NCRG to use noncommutativity
to reduce dimensions of the commutative bulk and is fully
surprising. If Planck scale quantum effects are sufficient
to deform the commutative bulk, then noncommutativity
is able to reduce bulk’s dimensions will usually be arisen.
Ascending to the NC metric (24), the portion of noncom-
mutativity escaping from the purely ρ dependency to the
(ρ, θ) dependent metric in one lower dimension. The NC
portion of the metric gets sent to the spacelike metric due
to the absence of δgtt. The deformed metric can write
even more wellness to produce a gravitoelectric field [40]:
Eg ≡ −1
2
∇γab log g11. (25)
where we define the length of a strip in the Euclidean
coordinates ρ¯ = iρ, φ = −iθ:
γ ≡ (−g11A˜2 + g22)dφ2. (26)
where
g11 = δgρρ|{ρ→ iρ˜, θ → −iφ}, (27)
g22 =
δgθθ
δgρρ
{ρ→ iρ˜, θ → −iφ}, (28)
A˜ =
δgρθ
δgρρ
{ρ→ iρ˜, θ → −iφ} (29)
There is no doubt about a fact that noncommutativity in
AdS spsacetime induces a single component gravitoelec-
tric field .
HEE for NCAdS3: The HEE is defined as the entropy
of a region of space A˜ and its complement on the minimal
surfaces in AdSd+1 [18, 19]:
SA˜ ≡ SHEE =
Area(γA˜)
4Gd+1
. (30)
What we need is to compute the (d−1)D minimal surface
γA˜ on equal time patches. We suppose that we can ex-
tend γA˜|AdSd+1 inside the bulk, and we are also limited, to
a certain boundary condition, by keeping the boundaries
same ∂γA˜ = ∂A˜. Several options for the parametrization
of the boundary surfaces are available as well as different
choices for the form of minimal surface functional in (30).
Here the assumption for HEE purpose is that none of the
minimal surfaces on the boundaries is noncommutative
under (1). We consider that the assumption of commuta-
tivity is correct and may validate some of the arguments.
Often the implicit assumption was that minimal surface
appeared into a strip from which the UV boundary of
AdS ever cutoffed by ρ = ρ0:
A˜ := {t = t0, 0 ≤ θ ≤ θ0), ρ = ρ(θ)}, θ0 = 2πl
L
,(31)
here L denotes the spacial length of the total system
which indeed, is infinitely long and l denotes the length
of a system A˜, formally L≫ l. The HEE expression (30)
can then be corrected by inverting the affected NCAdS
metric given by (24):
SNCAdS3HEE = S
AdS3
HEE −
1
2
√
π
Σ∞nmk, anmk∆S
nmk
HEE ,(32)
anmk =
(n− 3/2)!
n!m!(n− k)!(k −m)! , 1 ≤ m ≤ k ≤ n.(33)
here SAdS3HEE =
l
4G3
log
(
e2ρ0 sin
(
πl
L
))
was calculated in
[18] in terms of central charge of (1+1) CFT and geomet-
rical lengths of spacelike sector of AdS spacetime. Here a
stands out for an ultraviolet (UV) cutoff. Consequently,
what major has been done is to write an expression for
NCHEE as follows:
∆SnmkHEE =
1
4G3
∫ θ0
0
dθ
[
(ρ′)2m+n−k (34)
(
l2ρ′2 + l2 sinh2 ρ
) 1
2
−n(
δgρρ
)m(
2δgρθ
)n−k(
δgθθ
)k−m]
.
We define a Lagrangian density as the following:
Lnmk(ρ, θ) ≡
[
(ρ′)2m+n−k
(
l2ρ′2 + l2 sinh2 ρ
) 1
2
−n
(35)
×(δgρρ)m(2δgρθ)n−k(δgθθ)k−m
]
.
Unfortunately, this Lagrangian does not satisfy Bel-
trami’s identity.1 The static geodesic satisfies the fol-
lowing equation:
∂θ
(
∂ρ′Lnmk
)− ∂ρLnmk = 0. (36)
Our problem is to minimize the following functional:
Minimize{Inmk[ρ(θ)] =
∫ θ0
0
dθLnmk(ρ, θ)}, (37)
that connects the boundary points ρ(0) = ρ(θ0) = ρ0 ≫
1. Leading the m = n = k = 1 of integral to look
at ∆SnmkHEE is really appropriate here. An ideal solution
here is to choose a phase-space like solution for (36) in
the form ρ = ρ′(ρ) :
ρ′2 =
E2f2 sinh4 ρ
3
− sinh ρ (38)
+


−2 |q|q
√− p3 cosh
(
1
3 cosh
−1
(− 3|q|2p
√
− 3p
))
, p < 0
−2√p3 sinh
(
1
3 sinh
−1
(
3q
2p
√
3
p
))
, p > 0
.
1 It stated: these Lagrangians do not satisfy a simple identity in
the form L − ρ′∂ρ′L 6= C. The only Beltrami’s case came from
m = n = k term, where the geodesic ρ(θ) obtained from (36)
was not analytical.
5Suppose f ≡ 2l2 sin2( h¯2 )
(
1 − cos h¯ cosh(2ρ)
)
and 4p3 +
27q2 > 0, we define :
p = −E
2f2 sinh5 ρ
3
(
E2f2 sinh3 ρ− 6), (39)
q = −E
2f2 sinh6 ρ
27
(
2E4f4 sinh6 ρ (40)
−18E2f2 sinh3 ρ+ 27)
We observe that p < 0, q < 0 in our model.
However rewriting ∆SnmkHEE in terms of ρ really produce
exceptionally pretty links between ρ, ρ′:
∆S111HEE =
l
2G3
sin2(
h¯
2
) lim
ǫ→0
∫ ρ0
ǫ
dρ
[
ρ′ (41)
×(ρ′2 + sinh2 ρ)− 12 (1− cos h¯ cosh(2ρ))].
The phase-space solution (38) is used to evaluate the dif-
ference (41) between pure commutative AdS and NC one.
The numeric integration will be applied to evaluate (41)
the effect of various forms of NC terms:
∆S111HEE ≃ −
lγ1
8G3
h¯8/3 lim
ǫ→0
∫ ρ0
ǫ
dρ(sinh ρ)3/4 (42)
×( cosh(2ρ)− 1)11/6.
here γ1 = 16
√
6l10E5, E = L111 − ρ′∂ρ′L111 ≡ constant.
Finally we compute the ”physical” (the ℜ part) of the
leading integral, we obtain:
∆S111HEE ≃ −
3.95l
G3
[
(l2E)5h¯8/3
]
eρ0 . (43)
Finally we obtain the NC corrected form of HEE for
AdS3:
SNCAdS3HEE =
cNC
3
log
(
e2ρ0 sin
(πl
L
))
, (44)
cNC = c+
23.7(l2E)5h¯8/3
log
(
L
a sin
(
πl
L
)) L
a
(45)
We found a mathematical formula that worked much
more than anything capable of becoming the basis for
the HEE of a NCAdS3. The first term in this formula
becomes divergent completely in agreement to the com-
mutative case of AdS3, it is safe to use on all higher
dimensional extensions. The HEE for a NCAdSd≥4 can
be calculated in an analogous manner to the AdS3 in
NCRG. The first term, known as noncommutative area
law, presents the ruling in holographic formula beginning
if the spacetime becomes noncommutative just slightly.
However, it manages to be surprising or deviate from the
Ryu-Takayanagi formula of the [18]. In our NC case, the
growth in the value of HEE is proportional to the instan-
taneous value of the HEE. The rate may be positive or
negative. By comparing expressions in Ryu-Takayanagi
formula and NC case, we discover some possible perspec-
tives in interpretation of NCAdS spaces.
If we substitute (43) in (32) we obtain:
SCorrected =
ρ0
2G3
+
N
G3
eρ0 + constants (46)
here N = 3.95lG3
[
(l2E)5h¯8/3
]
. Following a very impor-
tant new proposal for HEE as entropy of a quantum sys-
tem in surface/state duality [42], the above expression
for SCorrected can be interpreted as the ”effective” en-
tropy Seff or the generalized holographic entropy of a
surface in bulk Σ. This entropy must be equal to the
log[dimHeff ], which the dimHeff is introduced as the
effective dimension of the Hilbert space for the dual CFT
2 Because the non commutativity increased the amount
of the entropy enclosed in the bulk region Σ (much more
bigger than the commutative spacetime due to the pres-
ence of the log term), it means that the effective dimen-
sion is increased by non commutativity. An emergence
of the new degree of freedoms is appeared. The order of
change in the dimHeff for non commutative system in
the comparison to the commutative system is about:
dimHNCAdS3eff
dimHAdS3eff
≃ e NG3 eρ0 ≫ 1 (47)
which is a very large number of degrees of freedom. We
mention here that this result is based on a first order
approximation. So, the dimHeff may will change if we
take into account other higher order terms.
By comparing results from the both studies, we hope to
understand more about the impact of HEE being reared
in Planck scale.
Summary This letter offers a glimpse of how one can
use holography to realize entanglement entropy for the
noncommutative AdS space. We first find the noncom-
mutative Anti-de Sitter metric using a fully consistent
version of noncommutative Riemannian geometry. Later
we use the Ryu-Takayanagi formula to compute holo-
graphic entanglement entropy of a commutative region,
needs to derive an expression for entropy of a possible
noncommutative CFT. A correction for the entanglement
entropy was applied to the minimal case n = m = k = 1
value because this was generally large compared to the
other higher terms. Planck scale correction for entropy
of noncommutative system of order h¯8/3 contained the
following parameters: a constant of motion E appeared
as E5, the powers of AdS radii l as l11 and the Newto-
nian constant G−13 . Collectively these calculations can
compute the central charge for noncommutative CFT2.
We might mislead ourselves if we interpreted this ex-
pression as referring to cutoff independent central charge;
2 For an alternative definition of quantum field theory in non com-
mutative systems see [43].
6on the other hand, we more than most of the NC-SYM
thinks of cNC as an imitation of NCAdS3. This cen-
tral charge has been constituted for a peculiar group of
NC-AdS bulks, which have been interpreted as the grav-
itational duals of the skeletons of CFT of an NC bound-
ary conformal field theory. All these points of structure
can only be correctly interpreted after a consideration of
the needs of the individual NC-CFT2, and of the large
colony of which they are members. We have seen that the
cNC is preceded by the formation of NC bulk geometry,
and its appearance is now interpreted as a sign of CFT2
manufacture. This holographic computation has been in-
terpreted as an ad-hoc first stepping for a NC-AdS/CFT
programm. Whatever their origin is, these calculations
tend to be interpreted as ”gift” to the AdS/CFT. Rec-
ommendation is to allow noncommutative corrections of
∆SnmkHEE that requires further research.
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